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.
This paper discusses the introduction of a computer-algebra system to perform visual-
izations in mathematics education.
With the Illustrated Mathematics project, we provide a comprehensive collection of
graphics and animations for various topics in mathematics, which can directly be used
for teaching. Because the programs (written in Mathematica) we used for the creation of
this collection are included, it is easy to design new examples by modifying parameters
in existing examples. Therefore, Illustrated Mathematics can be used as a rst step of
the introduction of a computer-algebra system in mathematics education.
In the second part, we report on the development of a workbench and learning envi-
ronment, with which the students can discover the mathematical concepts by themselves.
For that, the given examples have to be didactically enriched and processed. By creating
their own visualizations of increasing complexity, the students improve their knowledge
about the underlying computer-algebra system.
c© 1997 Academic Press Limited
1. Introduction
Visualization supports the understanding of complex topics. Pictures activate mental pro-
cesses such as the perception of spatial relationships, intuitive comprehension of complex
processes, or the observation of patterns and, therefore, aid the process of understand-
ing. Looking at a picture, we use it as a vehicle of thinking, but intend to understand
processes and behaviors of the real world.
Learning can be achieved through the translation between representations at dierent
levels of abstraction. Visualization can be seen as providing the relevant representations to
assist the learner in carrying out this cognitive process. The useful aspects of visualization
are the translation from representations which are more abstract to those which are less
abstract. Therefore, current techniques of scientic visualization could bring invaluable
insight to students.
Especially in mathematics we deal with abstract structures, which visual representation
helps to enlighten. This is important, particularly for those students who have diculty
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Figure 1. .Two examples from the Illustrated Mathematics collection.
understanding abstract mathematical objects. Therefore, the objects we have in mind
are not primarily geometric gures, but arbitrary mathematical objects such as innite
sequences, complex functions, or conformal mappings. For beginners, these terms are
most dicult to grasp. Therefore, their visualization is a key to understanding these
complex topics. Figure 1 shows two examples of such visualizations.
Previously, visualization was done with sketches and drawings on the blackboard or
with wire-frame models. Nowadays, overhead projectors are extensively being used, which
allows us to prepare and to show more than a few examples in one lesson. Visualization
became of increasing signicance. The production of high-quality visualizations is rather
costly. Therefore, it makes sense to use the computer to simplify the constructions.
Computer-algebra systems (CAS) provide the necessary algorithms needed to com-
pute mathematics visualizations. Furthermore, in the last years, the graphics capabilities
of computer-algebra systems have improved considerably and now satisfy the needs of
visualizations in education.
CAS also give teachers and students another and more direct approach to using the
computer. Applying a CAS, much less eort is needed to treat a simple practical problem
than with the classical approach, learning a full programming language rst. Therefore,
the focus moves from computer handling to the application. This enables the possibility
of applying the computer in education not as a teaching object but as a tool to solve
problems in other disciplines. In addition, CAS became of increasing importance and are
widely used in the industry. Hence, an introduction to CAS will soon belong to a modern
curriculum.
These two reasons|using CAS for visualizations and introducing CAS in education|
make it natural to choose visualizations for the rst contact of students with CAS.
2. The Illustrated Mathematics Project
The aim of Illustrated Mathematics (.Gloor et al., 1994, 1995) is to support teachers
by providing computer-based graphics and animations for various topics in mathematics
on a CD-ROM. This is achieved in two ways: rst, by a comprehensive collection of such
visualizations and, second, by programs to create new examples.
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2.1. collection of visualizations
The graphics and animations on the CD-ROM can be used directly for teaching. They
can be projected (e.g., by an LCD projection panel), printed out to create slides, or
integrated in class notes.
We used the Mathematica notebook format to present the visualizations for the fol-
lowing reasons:
Integrated in a hierarchical text. Single graphics as well as animations are comple-
mented with explanatory text. The whole document is split into cells, which are
grouped over several levels. This grouping allows comfortable navigation, even in
larger documents.
Portable. Since we used a CAS|which provides the same interface on a wide variety of
architectures and operating systems|to create the visualizations, it is also advanta-
geous to use a portable le format to store the documents (which the ASCII-based
Mathematica notebooks are) to provide an easy access to the visualizations for as
many users as possible.
Self-contained. The collection is self contained, that is, Mathematica is not needed to
demonstrate the examples. The notebooks can be shown with the freely available
MathReader program.
The collection is organized by mathematical topic and is not intended to replace text-
books (only little explanatory text is present). It allows teachers to select the examples
that t their syllabus and to incorporate them into their lectures and class notes.
Contents of the collection:
Theory of Functions
Sequences and Series
Derivatives
Analysis of Functions
Integration
Dierential Equations
Conic Sections
Complex Functions
Linear Maps
Conformal Maps
Cycloids and Related Curves
Figures of Revolution
Polyhedra
Icosahedra
Minimal Surfaces
Iterated Functions
An account of the various visualization techniques used in Illustrated Mathematics and
an in-depth discussion of its organization is given in .Maeder et al. (1995).
2.2. programs for the creation of new examples
Besides the collection of visualizations, the CD-ROM contains the programs to produce
these and similar images. All of the visualizations are generated by a set of Mathematica
programs .(Wolfram, 1991; Maeder, 1991). Such a CAS provides a high-level programming
language, which enables the creation of user-friendly software. The programs can be
applied to a wide range of example inputs. The examples of the collection can be used as
a starting point to create new visualizations by simply modifying their parameters. For
most objects this will produce immediately usable graphics.
However, the underlying software is not only a tool to create visualizations but can be
the teaching object itself. To achieve this, we propose the following approach to use and
learn a CAS in several steps:
 The collection can be used without prior knowledge of Mathematica.
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RevolutionFigure[ {Cos[t],Sin[t]},
{t,0,2 Pi}, 6 ];
RevolutionFigure[ {Cos[t],Sin[t]+2},
{t,0,2 Pi}, 6, PlotPoints -> {10,100},
Rotations -> 3, Winding -> 4/3 ];
Figure 2. .Two gures of revolution. Left with default option settings, right with explicit options.
 Starting with the given examples, the user can produce analogous visualizations of
related objects. For that, some knowledge of the syntax is necessary.
Example: a unit circle rotated about an axis with distance 6 to the circle’s center results
in a torus (Figure 2, left).
 A ner tuning of the images can be achieved by using options. While doing so, users
learn more about the visualization programs as well as the built-in commands. In this
step, they also learn to use the help system.
Example: we use the same command as before to wind a circle while rotating it about
an axis (Figure 2, right).
 Finally, because the source code of the visualization programs is included, our programs
can serve as a model for other visualization tools. For that, it is necessary to know the
programming language.
3. Analysis Alive: a Workbench Based on a Computer-Algebra System
While Illustrated Mathematics is mainly addressed to teachers, the main goals of the
recently started project with the working title Analysis Alivey are to allocate the students
a more active role in the learning process and to let them increase their mathematical
knowledge by themselves. In this way, the learning eect is improved. Furthermore, as
the students are better motivated, they invest more time.
To reach these goals, an interactive learning environment with integrated, powerful
graphic capabilities has to be developed. This environment enables the students to devise
their own examples of increasing complexity. The students may then learn the mathe-
matical concepts through experiments and working experience, in which visualization
plays a crucial role.
In this analysis course, a major part of the students’ tutorial relies on the usage of the
provided workbench. The students repeat the treated topics by themselves and obtain
y This project was initiated by B. Amrhein, W. Ku¨chlin, and M. Wol at the University of Tu¨bingen
and is supported by a grant from the Stifterverband fu¨r die Deutsche Wissenschaft.
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Figure 3. .Two visualizations, which are exemplary for those of Analysis Alive.
deeper knowledge by producing visualizations of the introduced concepts such as upper
bounds, convergence of series, accumulation points or continuity of functions. They obtain
a tool that allows them to experiment with mathematical objects of increasing complexity
independently.
The two examples of Figure 3 show some ideas which will be realized in the workbench.
Left: To every accumulation point of a sequence belongs a subsequence that con-
verges to this point. An -value and an accumulation point a can interactively be chosen,
the points representing the subsequence in the -neighborhood of a obtain a dierent
color. Repeating this process with decreasing -values, we determine the demanded sub-
sequence.
Right: If a function f(x) is continuous at x, we can nd for all values  a , such that
all function values between x− =2 and x+ =2 lie in an -interval around f(x).
These two examples also show the limits of the graphic capabilities of the current CAS.
Here, one would prefer an interface that allows us direct manipulations in the graphics.
These manipulations should cause new computations performed by the CAS. In the
examples above, one would like to determine  directly in the graphic (by a mouse-click)
and to make the system produce the new coloring or compute .
The choice of topics and examples from mathematics and physics was so far restricted
to problems that are solvable by hand or pocket calculator. Students were trained in solv-
ing equations and rewriting formulae, tasks that could easily be done by any computer-
algebra system. The introduction of a symbolic computation system allows us to shift the
focus from mechanical skills to expressing a problem in a mathematical context. With
the workbench tools, the focal point can gradually be moved towards the application,
whereas the calculation and visualization of the solutions can be left to the computer.
Using the workbench, the students implicitly obtain an introduction into a computer-
algebra system. The students nd out how to exploit a CAS for their own problems
and thereby learn how to attack realistic, hard problems by such tools. However, this
approach is quite dierent from that used for courses that completely rely on a CAS.
The lesson units in Calculus & Mathematica .(Davis et al., 1994), for example, are based
on the students’ knowledge about Mathematica.
In Analysis Alive, the time needed for the rst introduction of the system is reduced as
much as possible. Starting to use the workbench, the given exercises rely solely on built-in
tools and the CAS is only a means to an end. As soon as we proceed to real applications
(which is also a goal of Analysis Alive), the complexity of the examples increases, more
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commands are necessary to solve the exercises, and the students implicitly raise their
knowledge about the CAS.
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